Abstract. We show that for every prime r all r-subgroups in the normalized units of the integral group ring of PSL(2, p 3 ) are isomorphic to subgroups of PSL(2, p 3 ). This answers a question of M. Hertweck, C.R. Höfert and W. Kimmerle for this series of groups.
We will introduce some notation. Let u = g∈G z g g ∈ ZG be a normalized torsion unit. For x G , the conjugacy class of the element x ∈ G in G, we denote by [Seh93, Lemma (37. 3)], and its exponent divides the exponent of G [CL65, Corollary 4.1]. We will use these facts in the sequel without further mention.
Let A be a complex matrix of finite order. Assume that A has eigenvalues α 1 , ..., α j each with multiplicity m 1 , eigenvalues β 1 , ..., β k each with multiplicity m 2 and eigenvalues γ 1 , ..., γ ℓ each with multiplicity m 3 , then we indicate this by A ∼ m 1 × α 1 , ..., α j , m 2 × β 1 , ..., β k , m 3 × γ 1 , ..., γ ℓ .
Proof of the theorem.
. By a result of Dickson [Dic58, 260.] (see also [Hup67, 8.27 Hauptsatz]), the Sylow r-subgroups of the simple groups PSL(2, p f ) are elementary abelian for r = p, cyclic for odd r = p, and dihedral groups if r = 2 = p. By the results cited above we obtain that the r-subgroups of V(ZG) are isomorphic to subgroups of G, provided the Sylow r-subgroups are cyclic. The case of elementary abelian Sylow 2-subgroups is also handled by the remarks in the introduction. If the Sylow 2-subgroups are dihedral, the result is obtained in [HHK09, Theorem 2.1]. It remains the case r = p ≥ 3. Note that in this case the Sylow p-subgroups of G are elementary abelian of order p 3 . Let H be a finite p-subgroup of V(ZG). Hence |H| ≤ p 3 and exp H | p. Assume that H is not isomorphic to a subgroup of G, then, by the classification of all p-groups up to order p 3 , it is a so-called Heisenberg group. Thus there are elements z, b, c ∈ H such that
We will use the non-cyclic HeLP-method to show that H does not exist. In G there are exactly two conjugacy classes of elements of order p, let g and h be representatives of these classes. In Table 1 we list two irreducible characters [Dor71, Theorem 38.1], one of them we will use in the remainder of the proof. Let ǫ ∈ {1, −1} such that p ≡ ǫ mod 4. 
Let ζ = exp (2πi/p) ∈ C, a primitive p-th root of unity, Q be a set of integral representatives of the quadratic residues in (Z/pZ) × and N be a set of integral representatives of the non-quadratic residues in (Z/pZ)
× . We will also use the Gaussian sums cf. [Gau11] (also [Neu99, Proof of (8.6) in Chapter I])
Let D be a representation affording η. Let u ∈ H \ {1} and α ∈ Z ≥0 such that (ε g (u), ε h (u)) = (α + 1, −α) or (ε g (u), ε h (u)) = (−α, α + 1). By slight abuse of notation we denote from here on by η also the restriction η| H . For the first possibility of the partial augmentations of u we obtain, using the first equation of (2),
For the second possibility for the partial augmentations of u we get, using the second equation of (2),
From the character value we get
The other eigenvalues have to sum up to 0, hence there are
where Q = q 1 , ..., q p−1
2
. In the other case, ε g (u) ≤ 0, we get
The group H is an extra-special p-group, its character theory is well-known, see e.g. [Dor71, Theorem 31.5]. H has exactly p − 1 non-linear irreducible characters which are all of degree p. They all vanish on the non-central elements of H and take the values pζ j for 1 ≤ j ≤ p − 1 on the non-trivial central elements. Moreover H posses p 2 linear characters corresponding to the quotient
In particular, they have value 1 on all central elements of H. See table 2. Now we decompose η = η| H into the irreducible characters of H.
To obtain the multiplicity of the eigenvalue 1 of D(v) as calculated above, we must sum up exactly
irreducible non-linear character of H. Now let w ∈ H be a non-central element. Since every irreducible non-linear character of H vanishes on w, the character value η(w) is the sum of exactly p 2 +ǫ 2 roots of unity. Thus from (3) 
and (4) we obtain that (ε g (w), ε h (w)) = (1, 0) or (ε g (w), ε h (w)) = (0, 1). Furthermore, from the eigenvalues of D(u) calculated in these equations, we get
Now we compute the inner product η, χ H of η with a non-trivial linear character χ of H. We split up the computation of the contributions of different parts of H and omit the global factor 1/|H| = 1/p 3 until adding all contributions. The contribution of the identity element is
There are p − 1 more elements in the center of H. On η half of them takes the value 
The kernel of χ contains another conjugacy class of cyclic subgroups consisting of exactly p subgroups. In every such cyclic subgroup To calculate the contributions of the other elements we need the following formulas which are direct consequences of the Gaussian sums in (2):
Every conjugacy class of non-central cyclic subgroups contains exactly p subgroups. Let d be such a subgroup. By χ(d) ∈ Q we indicate that χ(d) = ζ q for some q ∈ Q. To compute the contribution of the remaining elements we distinguish two cases.
Case 1:
From now on let I = {0, 1, ..., p − 1}. Let χ be a non-trivial linear character of H and let s ∈ Ker(χ) \ Z(H). Moreover let t ∈ Ker(χ) such that χ(t −1 ) ∈ Q. Then {(ts i ) −1 | i ∈ I} is a set which contains exactly one element from every conjugacy class of cyclic subgroups not lying in Ker(χ) and χ((ts i ) −1 ) ∈ Q for every i. Set
Then γ + δ = p and, summing up all the contributions obtained above, we get
n is also a linear character of H and an analogous computation gives
Since both, η, χ H and η, χ Let χ be a non-trivial linear character with c ⊆ Ker(χ) and χ(b −1 ) ∈ Q. Then S = {bc i | i ∈ I} is a set which contains exactly one element from every conjugacy class of cyclic subgroups not lying in Ker(χ). By the above, p±1 2 of the elements of S have partial augmentation 1 at g and the other elements have augmentation 0 at g. Since ε g (bc i ) = 1 if and only if a i = 1 we get
Now let j ∈ I and χ be a non-trivial linear character of H such that bc j ⊆ Ker(χ) and χ(c −1 ) ∈ Q. For every i ∈ I \ {j} we determine one element of the form b ℓai c ℓiai , for some ℓ, lying in the coset Ker(χ)c = z r b k c jk+1 | 0 ≤ k, r ≤ p − 1 . To do so let ℓ, k be such that
Thus k ≡ ℓa i mod p and jk + 1 ≡ ℓia i mod p. This gives ℓ ≡ (ia i − ja i ) −1 mod p. For the partial augmentations of b ℓai c ℓiai it only matters, by (5), whether ℓ is a quadratic residue modulo p. Hence b ℓai c ℓiai has the same partial augmentations as c if and only if ℓ ∈ Q, i.e. ia i − ja i ∈ Q. Hence
where the 1 represents the element c.
Denote by ( r | p ) the Legendre symbol of r modulo the prime p and set β i = ( a i | p ) for i ∈ I. By (6) we have
From (7) we get for every j ∈ I: 
Summing up all equations and sorting with regard to the β i 's we get
Since s 1 + ... + s p−1 = 0 all the m i 's must be equal to 1. 
